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BORDERED COMPLEX HADAMARD MATRICES AND
STRONGLY REGULAR GRAPHS
TAKUYA IKUTA AND AKIHIRO MUNEMASA
Abstract. We consider bordered complex Hadamard matrices whose core is
contained in the Bose–Mesner algebra of a strongly regular graph. Examples
include a Butson-type complex Hadamard matrix whose core is contained in
the Bose–Mesner algebra of a conference graph due to J. Wallis, and a family
of Hadamard matrices given by Singh and Dubey. In this paper, we show
that there is also a non Butson-type complex Hadamard matrix whose core
is contained in the Bose–Mesner algebra of a conference graph, and prove
that there are no other bordered complex Hadamard matrices whose core is
contained in the Bose–Mesner algebra of a strongly regular graph.
1. Introduction
A complex Hadamard matrix is a square matrix W of order n which satisfies
WW
⊤
= nI and all of whose entries are complex numbers of absolute value 1. They
are the natural generalization of real Hadamard matrices. Complex Hadamard ma-
trices appear frequently in various branches of mathematics and quantum physics.
In this paper, we consider a complex Hadamard matrix of the form:
W =
(
1 e
e
⊤ W1
)
, (1)
where e is the all 1’s row vector of size n. The submatrix W1 is said to be a core
of W . In [12] J. Wallis constructed a complex Hadamard matrix W whose entries
are 4-th roots of unity, and the core W1 is contained in the Bose–Mesner algebra
of a conference graph. And, in [9] S. N. Singh and Om Prakash Dubey constructed
a Hadamard matrix W whore core W1 is contained in the Bose–Mesner algebra
of strongly regular graph with eigenvalues (k1, r, s) = (2r
2, r,−r). As a natural
problem, assumingW1 is contained in the Bose–Mesner algebra of a strongly regular
graph, we are interested in whether W is a complex Hadamard matrix or not.
A similar problem has been considered in our earlier papers (see [6, 7, 11] and
references therein). In [6, 7], we considered borderless complex Hadamard matrices
contained in the Bose–Mesner algebra of some association schemes.
Let X be a finite set with n elements, and let X = (X, {Ri}2i=0) be a symmetric
2-class association scheme with the first eigenmatrix P = (Pi,j)0≤i≤2
0≤j≤2
:

1 k1 k21 r −(r + 1)
1 s −(s+ 1)

 , (2)
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where r, s ∈ R, r ≥ 0, and s ≤ −1. We let A denote the Bose–Mesner algebra
spanned by the adjacency matrices A0, A1, A2 of X. A strongly regular graph Γ
with parameters (k, λ, µ) is equivalent to X, via the correspondence R1 equal to the
set of edges and R2 equal to the set of non-edges. In this paper, by exchanging R1
and R2, we may assume that r + s ≥ −1 without loss of generality.
Let
W1 = w0A0 + w1A1 + w2A2 ∈ A. (3)
Suppose that w0, w1, w2 are complex numbers of absolute value 1, and w1 6= w2.
Then we have the following.
Theorem 1. Suppose that r, s ∈ R, r ≥ 0, s ≤ −1, r + s ≥ −1, and w1 6= w2.
Let W1 be the matrix defined in (3). If the matrix W defined by (1) is a complex
Hadamard matrix, then one of the following holds.
(i) Γ is a conference graph on (2r + 1)2 vertices, and
(a) (w0, w1, w2) = (−1,±i,∓i), or
(b) (w0, w1, w2) = (1,
−1±i
√
4r2(r+1)2−1
2r(r+1) ,
−1∓i
√
4r2(r+1)2−1
2r(r+1) ).
(ii) Γ has eigenvalues (k1, r, s) = (2r
2, r,−r), and (w0, w1, w2) = (1,−1, 1).
Conversely, if (i) or (ii) hold, then W is a complex Hadamard matrix.
Remark 2. A strongly regular graph having eigenvalues (ii) in Theorem 1 has
4r2 − 1 vertices. Such strongly regular graphs were considered in [9]. The list of
strongly regular graphs up to 1, 300 vertices are given in Brouwer’s database [3].
According to that, strongly regular graphs with eigenvalues (2r2, r,−r) exist for
r = 2, . . . , 10, 12, . . . , 16, 18, are unknown for r = 11, 17.
All the computer calculations in this paper were performed with the help of
Magma [2].
2. Preliminaries
First we consider a more general situation than the one mentioned in Introduc-
tion. Let (X, {Ri}di=0) be a symmetric d-class association scheme with the first
eigenmatrix P = (Pi,j)0≤i≤d
0≤j≤d
. For more general and detailed theory of association
schemes, see [1]. We let A denote the Bose–Mesner algebra spanned by the ad-
jacency matrices A0, A1, . . . , Ad of X. Then the adjacency matrices are expressed
as
Aj =
d∑
i=0
Pi,jEi (j = 0, 1, . . . , d), (4)
where E0 =
1
n
J,E1, . . . , Ed are the primitive idempotents of A.
Let
W1 =
d∑
j=0
wjAj ∈ A, (5)
where w0, . . . , wd are complex numbers of absolute value 1. Define
βk =
d∑
j=0
wjPk,j (k = 0, 1, . . . , d). (6)
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By (4), (5) and (6) we have
W1 =
d∑
k=0
βkEk. (7)
Let Xj (0 ≤ j ≤ d) be indeterminates. For k = 1, 2, . . . , d, let ek be the polynomial
defined by
ek =
d∏
h=0
Xh

 d∑
j=0
P 2k,j +
∑
0≤j1<j2≤d
Pk,j1Pk,j2
(
Xj1
Xj2
+
Xj2
Xj1
)
− (n+ 1)

 , (8)
and e0 be the polynomial defined by
e0 = 1 +
d∑
j=0
kjXj . (9)
Then we have the following.
Lemma 3. The following statements are equivalent:
(i) The matrix W defined by (1) is a complex Hadamard matrix,
(ii) βkβk = n+ 1 for k = 1, . . . , d, and 1 +
∑d
j=0 kjwj = 0,
(iii) (wj)0≤j≤d is a common zero of ek (k = 0, . . . , d).
Proof. By (1) we have
WW
⊤
=
(
n+ 1 e(I +W1
⊤
)
(I +W1)e
⊤ J +W1W1
⊤
)
. (10)
By (6), (7) we have
W1W1
⊤
=
d∑
k=0
βkβkEk. (11)
Suppose that the matrix (1) is a complex Hadamard matrix. Since WW
⊤
=
(n+ 1)I, we have
W1W1
⊤
= (n+ 1)I − J
= E0 + (n+ 1)
d∑
j=1
Ej , (12)
(I +W1)e
⊤ = 0. (13)
Therefore, by (11), (12), and (13), (i) implies (ii).
To prove the converse, it suffices to show β0β0 = 1. Since W is symmetric, the
diagonal entries of W1W1
⊤
are all n. Thus
n2 = TrW1W1
⊤
=
d∑
k=0
βkβk TrEk (by (11))
= β0β0 +
d∑
k=1
(n+ 1)TrEk
= β0β0 + (n+ 1)Tr(I − E0)
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= β0β0 + (n+ 1)(n− 1),
and hence β0β0 = 1.
By (6) we have
βkβk =
d∑
j=0
P 2k,j +
∑
0≤j1<j2≤d
Pk,j1Pk,j2
(
wj1
wj2
+
wj2
wj1
)
.
for k = 1, . . . , d. Therefore, the equivalence of (ii) and (iii) follows. 
The following is analogous to [5, Proposition 2.2].
Lemma 4. If the matrix W defined by (1) is a complex Hadamard matrtix, then
we have
n+ 1 ≤

 d∑
j=0
|Pk,j |


2
. (14)
Proof. By (ii) in Lemma 3, we have
n+ 1 = βkβk
=

 d∑
j1=0
wj1Pk,j1



 d∑
j2=0
Pk,j2
wj2


=
d∑
j=0
P 2k,j +
∑
0≤j1<j2≤d
(
wj1
wj2
+
wj2
wj1
)
Pk,j1Pk,j2 .
Since W is a complex Hadamard matrix, we have
∣∣∣wj1wj2 + wj2wj1
∣∣∣ ≤ 2. Then
n+ 1 ≤
d∑
j=0
|Pk,j |2 +
∑
0≤j1<j2≤d
∣∣∣∣wj1wj2 +
wj2
wj1
∣∣∣∣ |Pk,j1 ||Pk,j2 |
≤
d∑
j=0
|Pk,j |2 + 2
∑
0≤j1<j2≤d
|Pk,j1 ||Pk,j2 |
=

 d∑
j=0
|Pk,j |


2
.

Let p(X) be a non-zero polynomial of degree n ≥ 0 with real coefficients. Put
p0(X) = p(X) and p1(X) = p
′
0(X). Define
pj+1(X) = −Rem(pj−1(X), pj(X)),
where, for polynomials a(X), b(X) 6= 0, we denote by Rem(a(X), b(X)) the remain-
der when a(X) is divided by b(X). If pm+1(X) = 0, we stop the process defined
above. Then we have a so-called Strum sequence associated to the polynomial
p(X):
p0(X), p1(X), p2(X), . . . , pm(X). (15)
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Let cj be the leading coefficient of pj(X), and dj = deg pj(X) for j = 0, 1, . . . ,m.
Then we have the following sequences:
(sgn(cj))
m
j=0 , (16)(
sgn((−1)djcj)
)m
j=0
. (17)
Theorem 5 (Sturm [10]; see also [8, Corollary 10.5.4]). With the above notation,
the number of distinct real roots of p(X) is given by the number of sign changes of
(17) minus the number of sign changes of (16).
3. Strongly regular graphs
In this section, we review basic properties of symmetric 2-class association schemes
and strongly regular graphs. Let X = (X, {Ri}2i=0) be a symmetric 2-class associ-
ation scheme with the first eigenmatrix (2). We have the following three cases in
(2): (a) r + s ≥ 0, (b) r + s = −1, (c) r + s ≤ −2. Suppose that (c) holds. Then
the eigenvalues of R2 satisfy −(r+1)− (s+ 1) ≥ 0. By exchanging R1 and R2, we
may assume that r+ s ≥ −1 without loss of generality. Therefore we only consider
the two cases (a) and (b). Under this assumption, we have
k2 ≥ 2. (18)
Indeed, if k2 = 1, then R2 is a matching, and hence the eigenvalues satisfy −r−1 =
−1 and −s− 1 = 1. This implies r + s = −2, contrary to our assumption.
A strongly regular graph Γ with parameters (k, λ, µ) is equivalent to X, via the
correspondence R1 equal to the set of edges and R2 equal to the set of non-edges.
The complement of a strongly regular graph is also a strongly regular graph. The
three parameters of Γ are k1 = p
0
1,1, λ = p
1
1,1, and µ = p
2
1,1. Then we have
µ = k1 + rs, (19)
λ = r + s+ µ, (20)
k2µ = k1(k1 − λ− 1), (21)
n = 1 + k1 + k1(k1 − λ− 1)/µ. (22)
Let mj = rankEj for j = 1, 2. Then we have
m1 =
1
2
(n− 1− 2k1 + (n− 1)(λ− µ)√
q
), (23)
m2 =
1
2
(n− 1 + 2k1 + (n− 1)(λ− µ)√
q
), (24)
where q = (λ − µ)2 + 4(k1 − µ).
A conference graph is a strongly regular graph Γ satisfying one of the following
two equivalent conditions:
(i) k1 = 2r(r + 1), r + s = −1,
(ii) m1 = m2.
We remark that the eigenvalues r, s of a strongly regular graph Γ are integers
unless Γ is a conference graph. If Γ is a conference graph, then r = −1+
√
2k1+1
2 and
s = −1−
√
2k1+1
2 . In any case,
rs ∈ Z. (25)
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By (2), (8), and (9) we have
e0 =1 +X0 + k1X1 + k2X2, (26)
e1 =− ((r + 1)X1 − rX2)X20 −
(
r(r + 1)(X1 −X2)2 + (k1 + k2)X1X2
)
X0
+ (rX1 − (r + 1)X2)X1X2, (27)
e2 =− ((s+ 1)X1 − sX2)X20 −
(
s(s+ 1)(X1 −X2)2 + (k1 + k2)X1X2
)
X0
+ (sX1 − (s+ 1)X2)X1X2. (28)
Let I be the ideal of the polynomial ring R = C[X0, X1, X2] generated by (26),
(27), and (28).
Lemma 6. Let W1 be the matrix defined by (3), and let W be the matrix defined
by (1). Then W is a complex Hadamard matrix if and only if (w0, w1, w2) is a
common zero of the polynomials ek (k = 0, 1, 2).
Proof. This follows easily from Lemma 3 by setting d = 2. 
Lemma 7. Let W1 be the matrix defined by (3), and let W be the matrix defined
by (1). If W is a complex Hadamard matrix, then we have the following:
(i) s < −1,
(ii) n+ 1 ≤ 4s2.
Proof. (i) Suppose that s = −1. Then, since the graph (X,R1) is the union of
complete graphs, we have k1 = r. We can verify that I containsX2(k2X2+1)2(X22+
(k1 + k2)X2 + 1). By Lemma 6, (w0, w1, w2) is a common zero of the polynomials
(26), (27), and (28) in I. From this, k2w2 +1 = 0 or w22 + (k1 + k2)w2 +1 = 0. By
(18), we have k2w2 + 1 6= 0. Since |w22 + 1| < 3 ≤ k1 + k2 = |(k1 + k2)w2|, we have
w22 + (k1 + k2)w2 + 1 6= 0. This is a contradiction.
(ii) Applying Lemma 4 for k = 2, we have
n+ 1 ≤

 2∑
j=0
|P2,j |


2
= (1 + (−s)− (s+ 1))2
= 4s2.

Since s 6= −1 by (i) in Lemma 7, we have µ > 0 by (19), (20), and (21). Thus
k2 =
−k1(r + 1)(s+ 1)
k1 + rs
. (29)
Remark 8. Applying Lemma 4 for k = 1, we have n+1 ≤ 4(r+1)2. This inequality
is weaker than the one stated in (ii) of Lemma 7. Indeed, since we assumed that
r + s ≥ −1 in the beginning of this section, we have (r + 1)2 ≥ s2.
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4. Properties of the polynomials L(X), M(X), and S(X)
Throughout this section, suppose that r, s ∈ R, r ≥ 0, s < −1, and r + s ≥ −1.
Define the polynomials L(X), M(X), and S(X) as follows:
L(X) = X3 +
4rs− r − s+ 3
2
X2 +
−4rs(r + s− 1) + 1
2
X
+
rs(r2 + 2(3s+ 1)r + s2 + 2s+ 2)
2
, (30)
M(X) = L(X)− 4(X + rs)2, (31)
S(X) = s4X
4 + s3X
3 + s2X
2 + s1X + s0, (32)
where
s4 = (r + s+ 1)
2,
s3 = 4sr
3 + 8s(s+ 1)r2 + (4s3 + 8s2 + 8s+ 2)r + 2s+ 2,
s2 = 2s(2s− 1)r4 + 2s(s+ 1)(4s− 3)r3 + 2s(2s3 + s2 + 6s+ 4)r2
− 2s(s+ 1)(s2 + 2s− 6)r + 1,
s1 = −2rs(2sr4 + 6s(s+ 1)r3 + (6s3 − 4s2 − 8s− 1)r2
+ 2(s+ 1)(s3 + 2s2 − 6s− 1)r − s2 − 2s− 2),
s0 = r
2s2(r4 + 4(s+ 1)r3 + (22s2 + 28s+ 8)r2
+ 4(s+ 1)(s2 + 6s+ 2)r + (s2 + 2s+ 2)2).
The meaning of these polynomials will become clear in Lemma 31. We put
h =
√
4r(r + 1)s(s+ 1) + 1. (33)
α± =
r + s− 1
2
±
√
(s− 1)2 − 6rs+ r(r − 2)
2
, (34)
β± = −rs− 1
2
± h
2
, (35)
γ± =
r + s+ 3
2
±
√
r2 + 2(5s+ 3)r + (s+ 3)2
2
, (36)
δ = −rs+
√
r(r + 1)s(s+ 1). (37)
Then α±, β±, δ ∈ R. By (30), (31), and (32) we have
L(X)2 − S(X)
4
= (X − α−)(X − α+)(X − β−)2(X − β+)2, (38)
M(X)2 − S(X)
4
= (X − γ−)(X − γ+)(X − (β− + 1))2(X − (β+ + 1))2. (39)
Lemma 9. We have the following:
(i) α±, β− + 1 < −rs.
(ii) −rs < β+ < δ < β+ + 1.
(iii) If γ± ∈ R then γ± < −rs.
Proof. (i) The inequality β−+1 < −rs follows easily from (35). Since α− < α+, it
remains to show that α+ < −rs. Then by (34) we have only to show that√
(s− 1)2 − 6rs+ r(r − 2) < −2rs− (r + s− 1).
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Since −2rs− (r + s− 1) = −(2s+ 1)r − s+ 1 > 0 and
(−(2s+ 1)r − s+ 1)2 − ((s− 1)2 − 6rs+ r(r − 2))
= 4r(r + 1)s(s+ 1) > 0,
we have α+ < −rs.
(ii) First, the inequality −rs < β+ follows easily from the definition (35). Since
h < 1 + 2
√
r(r + 1)s(s+ 1),
we have β+ < δ from the definitions (35) and (37), while δ < β++1 follows trivially
from these.
(iii) Since γ− < γ+, it is enough to show that γ+ < −rs. By (36) we have only
to show that √
r2 + 2(5s+ 3)r + (s+ 3)2 < −2rs− (r + s+ 3).
Since −2rs− (r + s+ 3) = −(2s+ 1)r − (s+ 3) > 0 and
(−(2s+ 1)r − (s+ 3))2 − (r2 + 2(5s+ 3)r + (s+ 3)2)
= 4r(r + 1)s(s+ 1) > 0,
we have γ+ < −rs. 
Lemma 10. We have
(i) L(−rs) =M(−rs) = r(r+1)s(s+1)((2s+1)r+s+1)2 < 0,
(ii)
√
S(−rs) = r(r + 1)s(s+ 1)(r + s+ 1).
Proof. (i) This follows easily from (30) and (31).
(ii) Since S(−rs) = r2(r+1)2s2(s+1)2(r+s+1)2 by (32), we have the assertion.

Lemma 11. We have √
S(−rs)
2
< |L(−rs)| = |M(−rs)|.
Proof. By (i) in Lemma 10 we have
2|L(−rs)| = 2|M(−rs)| = −r(r + 1)s(s+ 1)((2s+ 1)r + s+ 1).
Then by (ii) in Lemma 10 we have
2|L(−rs)| −
√
S(−rs) = −2rs(r + 1)2(s+ 1)2 > 0.

5. The case r + s = −1
In this section, we suppose that r + s = −1, 2r(r + 1) ∈ Z, and (r, s) 6= (0,−1).
We consider properties of the polynomials (30), (31), and (32). By (30), (31), and
(32) we have
L(X) = X3 − 2(r2 + r − 1)X2 − 8r
2 + 8r − 1
2
X +
r(r + 1)(4r2 + 4r − 1)
2
, (40)
M(X) = L(X)− 4(X − r(r + 1))2, (41)
S(X) = −(X − r(r + 1))S1(X), (42)
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where
S1(X) = 4r(r + 1)(X − s+)(X − s−), (43)
s± = 2r(r + 1) +
1±
√
16r2(r + 1)2 + 1
8r(r + 1)
. (44)
Lemma 12. We have r(r + 1) < s±.
Proof. Since s− < s+ by (44), we show that r(r + 1) < s−. To do this, we have
only to show that
√
16r2(r + 1)2 + 1 < 8r2(r+1)2+1 by (44). Since (8r2(r+1)2+
1)2 − (16r2(r + 1)2 + 1) = 64r4(r + 1)4 > 0, we have the assertion. 
Lemma 13. Suppose that r(r+1) < x. Then S(x) ≥ 0 if and only if s− ≤ x ≤ s+.
Proof. This follows easily from (42), (43), and Lemma 12. 
Lemma 14. We have Z ∩ {x | s− ≤ x ≤ s+} = {2r(r + 1)}.
Proof. Note that r(r+1) ∈ Z by (25). It is easy to show that s− < 2r(r+1) < s+
by (44). Thus, it is enough to show that 2r(r+1)− 1 < s− and s+ < 2r(r+1)+1,
or equivalently,
√
16r2(r + 1)2 + 1 < 8r(r + 1) ± 1. We have only to show that√
16r2(r + 1)2 + 1 < 8r(r + 1)− 1. Since
(8r(r + 1)− 1)2 − (16r2(r + 1)2 + 1) = 16r(r + 1)(3r(r + 1)− 1) > 0,
the result holds. 
Lemma 15. Suppose that z ∈ Z and r(r+1) < z. Then M(z) ≤
√
S(z)
2 ≤ L(z) or
M(z) ≤ −
√
S(z)
2 ≤ L(z) holds if and only if z = 2r(r + 1).
Proof. First suppose that M(z) ≤
√
S(z)
2 ≤ L(z) or M(z) ≤
−
√
S(z)
2 ≤ L(z) holds.
Since S(z) ≥ 0, by Lemma 13 we have s− ≤ z ≤ s+. By Lemma 14, we have
z = 2r(r + 1). Secondly suppose that z = 2r(r + 1). Since
L(2r(r + 1)) =
r(r + 1)(2r + 1)2
2
,
M(2r(r + 1)) =
−r(r + 1)(4r(r + 1)− 1)
2
< 0,√
S(2r(r + 1)) = r(r + 1)
by (40), (41), and (42), we have M(2r(r + 1)) ≤
√
S(2r(r+1))
2 ≤ L(2r(r + 1)). 
6. The case r + s ≥ 0
In this section, we suppose that r, s ∈ Z, r ≥ 2, s ≤ −2, and r + s ≥ 0. We
consider properties of the polynomials (30), (31), and (32).
Lemma 16. We have the following:
(i) L(X) has exactly one real root ζ in (−rs,∞), and β+ ≤ ζ < δ,
(ii) L(x) < 0 for −rs < x < ζ, and L(x) ≥ 0 for ζ ≤ x.
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Proof. Since L′(X) = 3(X − θ−)(X − θ+), where
θ± =
(−4s+ 1)r + s− 3
6
±
√
ι
6
,
ι = (16s(s+ 1) + 1)r2 + 2(8s2 + s− 3)r + s2 − 6s+ 3 > 0,
L(X) has the local maximum at X = θ− and the local minimum at X = θ+.
(i) We show that (a) θ− < −rs < θ+, (b) θ+ < β+, L(β+) ≤ 0, and L(δ) > 0.
Then (a) implies that together with (i) in Lemma 10, the first half of (i) holds, and
(b) implies that the latter half of (i) holds.
First we show that (a) holds. Since
6(−rs− θ−) > −6rs− ((−4s+ 1)r + s− 3)
= −(2s+ 1)r − s+ 3 > 0,
we have θ− < −rs. To show that −rs < θ+, we have only to show that −(2s +
1)r − s+ 3 < √ι. Since
ι− (−(2s+ 1)r − s+ 3)2 = 12r(r + 1)s(s+ 1)− 6 > 0,
we have −rs < θ+. Hence θ− < −rs < θ+.
Secondly we show that (b) holds. To show that θ+ < β+, by (35) and the
definition of θ+ we have only to show that
√
ι < −(2s+ 1)r − s+ 3h. Since
(−(2s+ 1)r − s+ 3h)2 − ι
= −6((2s+ 1)r + s)h+ 24s(s+ 1)r2 + 6(4s2 + 6s+ 1)r + 6(s+ 1)
> 0,
we have θ+ < β+. We have
L(β+) =
κ1h+ κ2
4
,
where
κ1 = (2s+ 1)r + s < 0,
κ2 = 4s(s+ 1)r
2 + (2s(2s+ 1)− 1)r − s.
Since
κ21h
2 − κ22 = 4r(r + 1)s(s+ 1)(r + s)(r + s+ 2) ≥ 0,
by our assumption, we have
L(β+) ≤ 0. (45)
We have
L(δ) =
√
r(r + 1)s(s+ 1)
2
+ 2r(r + 1)s(s+ 1) > 0. (46)
(ii) This follows easily from (i), (45), and (46). 
Lemma 17. We have the following:
(i) M(X) has exactly one real root η in (−rs,∞), and δ < η ≤ β+ + 1,
(ii) M(x) ≤ 0 for −rs < x ≤ η, and M(x) > 0 for η < x.
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Proof. Since M ′(X) = 3(X − ν−)(X − ν+), where
ν± =
(−4s+ 1)r + s+ 5
6
±
√
ρ
6
,
ρ = (16s(s+ 1) + 1)r2 + 2(8s2 + 17s+ 5)r + s2 + 10s+ 19 > 0,
M(X) has the local maximum at X = ν− and the local minimum at X = ν+.
(i) It is enough to show that (a) ν− < −rs < ν+, (b) ν+ < δ, M(δ) < 0, and
M(β+ + 1) ≥ 0. Then (a) implies that together with (i) in Lemma 10 the first half
of (i) holds, and (b) implies that the latter half of (i) holds.
First we show that (a) holds. Since
6(−rs− ν−) = −(2s+ 1)r − s− 5 +√ρ,
> −(2s+ 1)r − s− 5 > 0,
we have ν− < −rs. To show that −rs < ν+, we have only to show that −(2s +
1)r − s− 5 < √ρ. Since
ρ− (−(2s+ 1)r − s+ 3)2 = 12r(r + 1)s(s+ 1)− 6 > 0,
we have −rs < ν+. Hence ν− < −rs < ν+.
Secondly we show that (b) holds. To show that ν+ < δ, by (37) and the definition
of ν+ we have only to show that (2s+1)r+s+5+
√
ρ < 6
√
r(r + 1)s(s+ 1). Since
(
√
r(r + 1)s(s+ 1))2 − ((2s+ 1)r + s+ 5 +√ρ)2
= −((4s+ 2)r + 2s+ 10)√ρ
+ (16s2 + 16s− 2)r2 + (16s2 − 20s− 20)r − 2s2 − 20s− 44 > 0,
we have ν+ < δ. It is easy to show that
M(δ) =
√
r(r + 1)s(s+ 1)
2
− 2r(r + 1)s(s+ 1) < 0. (47)
We have
M(β+ + 1) =
σ1h+ σ2
4
,
where
σ1 = −((2s+ 1)r + s+ 2) > 0,
σ2 = −4s(s+ 1)r2 − (4s2 + 6s+ 1)r − s− 2.
Since
σ21h
2 − σ22 = 4r(r + 1)s(s+ 1)(r + s)(r + s+ 2) ≥ 0,
by our assumption, we have
M(β+ + 1) ≥ 0. (48)
(ii) This follows easily from (i), (47), and (48). 
Lemma 18. For −rs ≤ x we have the following:
(i) L(x)2 ≥ S(x)4 , and equality holds if and only if x = β+,
(ii) M(x)2 ≥ S(x)4 , and equality holds if and only if x = β+ + 1.
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Proof. (i) Since α± < −rs by (i) in Lemma 9, by (38) we have the first half. Since
α±, β− < −rs < β+ by (i) and (ii) in Lemma 9, we have the latter half.
(ii) First suppose that γ± ∈ R. Since γ± < −rs by (iii) in Lemma 9, by (39) we
have the first half. Since β−+1, γ± < −rs by (i) and (iii) in Lemma 9, we have the
latter half. Secondly suppose that γ± 6∈ R. Then by (39) we have the first half. 
6.1. The case r + s > 0. Throughout this subsection, we suppose that r ≥ 3,
s ≤ −2, and r + s > 0. Let
κ(x) = (2s+ 1)2x3 − (2s+ 1)(8s3 − 2s2 − s+ 2)x2
− (16s5 + 8s2 + 2s− 1)x+ 4s2 + s.
Lemma 19. Assume that −s+ 1 ≤ x < −2s+ 1. Then we have κ(x) < 0.
Proof. Since
κ(−s) = −4s2(s− 1)(2s(s+ 1) + 1) > 0,
κ(−s+ 1) = s2(8s3 + 4s2 − 8s+ 1) < 0,
κ(−2s+ 1) = −32s4(s2 − 1) < 0,
we have the assertion. 
Let
ψ(x) = (s+ 1)(x+ 1)((2s+ 1)x− 1), (49)
φ(x) = 2ψ(x)− (2s+ 1)(x+ 2s− 1). (50)
Lemma 20. We have ψ(r) > 0 and φ(r) > 0.
Proof. The inequality ψ(r) > 0 follows immediately by (49). Since r > −s and
φ(0) = −2s(2s+ 1)− 1 < 0,
φ(−s) = (s− 1) (4s2(s+ 2)− 2(s+ 1)(s− 2)− 3) > 0,
we have φ(r) > 0. 
Let h be defined as (33).
Lemma 21. Assume that k1 = −rs + h+ǫ2 and h ∈ Z, where ǫ ∈ {±1}. Then we
have
n ≥ −(2s+ 1)r + 2 + 2ψ(r)
h+ 1
.
Proof. First we show that
h ≥ −2(s+ 1)r + 3. (51)
To do this, since h > 0 and
h2 − (−2(s+ 1)r + 1)2 = 4r(s+ 1)(s− r + 1) > 0,
we have h > −2(s+ 1)r + 1. Since h is odd, we have (51).
Secondly we show the assertion. Since
k1 ≥ −rs+ h− 1
2
= −(2s+ 1)r + 1, (by (51)) (52)
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we have
n = 1 + k1 + k2
= 1 + k1 − k1(r + 1)(s+ 1)
k1 + rs
(by (29))
≥ 1− (2s+ 1)r + 1 + (s+ 1)(r + 1)((2s+ 1)r − 1)
k1 + rs
(by (52))
≥ −(2s+ 1)r + 2 + 2ψ(r)
h+ 1
(by (49)).

Let u = r + s. Then u ∈ Z and
1 ≤ u ≤ r − 2. (53)
Lemma 22. The polynomial S′′(X) has two distinct real roots:
τ± =
c1 ±√c2
6(u+ 1)2
, (54)
where
c1 = 3(u+ 1)
2(2r(r − u)− 1) + 3(r(r + 1) + (r − u)(r − u− 1)), (55)
c2 = 12r(r + 1)u(u+ 2)(u
2 + 2u− 2)(r − u)(r − u− 1) + 3(u+ 1)2. (56)
Proof. Observe c2 > 0 follows from (53). Since
S′′(X) = 12(u+ 1)2X2
− 12 (2(u2 + 2u+ 2)r2 − 2u(u2 + 2u+ 2)r − (u+ 1))X
+ 8(u2 + 2u+ 6)r4 − 16u(u2 + 2u+ 6)r3
+ 4(2u4 + 5u3 + 15u2 − 4u− 6)r2
− 4u(u+ 1)(u2 + 2u− 6)r + 2
by (32), we have (54). 
Lemma 23. Let τ± be the real number defined by (54). Then τ± < β+.
Proof. Since τ− < τ+, it is enough to show that τ+ < β+. By (35), we have
β+ = r(r − u)− 1
2
+
h
2
.
Since
h2 − (2r(r − u− 1) + 1)2 = 4r(2r − u− 1)(r − u− 1) > 0,
we have
β+ − r(2(r − u)− 1) = 1
2
(h− (2r(r − u− 1) + 1)) > 0. (57)
Since (
6(u+ 1)2r(2(r − u)− 1)− c1
)2 − c2
= 6(u+ 1)2 (2r(r − u− 1) (u(u+ 2)(2r(r − u− 2) + u) + 3) + 1) > 0,
we have
r(2(r − u)− 1)− τ+ = 6(u+ 1)
2r(2(r − u)− 1)− c1 −√c2
6(u+ 1)2
> 0. (58)
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By (57) and (58), we obtain τ+ < β+. 
Define
g1 = 4u(u+ 2)(u(u+ 2)− 2)r(r + 1)(r − u)(r − u− 1) + (u + 1)2,
g2 = 2r(r + 1)(r − u)(r − u− 1)
× (8u(u+ 2)r(r + 1)(r − u)(r − u− 1) + 7u(u+ 2)− 1)− 1,
g3 = 16u(u+ 2)r(r + 1)(r − u)(r − u− 1)− 1.
Lemma 24. We have g1 > 0, g2 > 0, and g3 > 0.
Proof. These follow immediately from (53). 
Lemma 25. The polynomial S(X) has exactly two real roots, say, ξ1, ξ2, and β+ <
ξ1 < δ < ξ2 < β+ + 1. Moreover, both ξ1 and ξ2 are simple.
Proof. Set f0(X) = S(X) and f1(X) = f
′
0(X). Set
fj(X) = −Rem(fj−2(X), fj−1(X))
for j = 2, 3, 4. Let cj be the leading coefficient of fj(X), and dj = deg fj(X). We
have (d0, d1, d2, d3, d4) = (4, 3, 2, 1, 0). Then we have the following:
c0 = (u+ 1)
2 > 0,
c1 = 4(u+ 1)
2 > 0,
c2 =
g1
4(u+ 1)2
,
c3 =
−32u2(u + 1)2(u+ 2)2r(r + 1)(r − u)(r − u− 1)g2
g21
,
c4 =
−r2(r + 1)2(r − u)2(r − u− 1)2g21g3
4(u+ 1)2g22
.
By Lemma 24 we have c2 > 0, c3 < 0, and c4 < 0. Therefore we have Table 1.
Applying Theorem 5 for S(X) using Table 1, we see that S(X) has exactly two real
roots.
We show that S(β+) > 0, S(β+ + 1) > 0, and S(δ) < 0. We have
S(β+) =
h1h+ h2
2
,
where
h1 = −(2r(r − u)− u) ((4(r − u)r − 2(2u+ 1))(r − u)r − u) ,
h2 = u
2 + 2r(r − u)
× (8r2(r − u)2(r(r − u)− (2u+ 1)) + u2(9r(r − u)− u+ 1)
+2r(r − u)(3u+ 1)) > 0
Table 1. Sturm’s sequence
j 0 1 2 3 4 ♯ sign changes
sgn(cj) + + + − − 1
sgn((−1)djcj) + − + + − 3
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since r − u ≥ 2. Since
h22 − h21h2 = 4r2(r + 1)2u2(u+ 2)2(r − u)2(r − u− 1)2 > 0,
we have S(β+) > 0. We have
S(β+ + 1) =
h3h+ h4
2
,
where
h3 = −(2r(r − u)− (u + 2)) ((4r(r − u)− 2(2u+ 3))(r − u)r + u+ 2) ,
h4 = u
2 + 2(r + 1)(r − u− 1)
× (r(r − u)(8((r − u)r − (u+ 2))(r − u)r + u2 + 6u+ 10)− 2) > 0
since r − u ≥ 2. Since
h24 − h23h2 = 4r2(r + 1)2u2(u+ 2)2(r − u)2(r − u− 1)2 > 0,
we have S(β+ + 1) > 0. We have
S(δ) = r(r + 1)(r − u)(r − u− 1)(h5
√
r(r + 1)(r − u)(r − u− 1) + h6),
where
h5 = −4(2r(r − u)− (u+ 1)) < 0,
h6 = 8r(r + 1)(r − u)(r − u− 1) + 1.
Since
h25r(r + 1)(r − u)(r − u− 1)− h26 = r(r + 1)u(u+ 2)(r − u)(r − u− 1)− 1 > 0,
we have
S(δ) < 0. (59)
The polynomial S(X) has exactly two real roots, say, ξ1, ξ2, and β+ < ξ1 < δ <
ξ2 < β+ + 1. Hence S(x) ≥ 0 for x ∈ A ∪B.
(iii) We show that the roots ξ1, ξ2 are simple. Since deg S(X) = 4 and the
number of imaginary roots of S(X) is even, the sum of multiplicities of ξ1 and ξ2
is 2 or 4. If both ξ1 and ξ2 are double roots, then S(x) > 0 for ξ1 < x < ξ2. This
contradicts (59). By Lemmas 22, 23 we have S′′(x) 6= 0 for β+ ≤ x ≤ β++1. Thus
neither ξ1 nor ξ2 is triple. 
Lemma 26. We have L(β+) ≤ 0 and M(β+ + 1) ≥ 0.
Proof. We have
L(β+) =
τ1h+ τ2
4
,
where
τ1 = −2r(r − u) + u < 0,
τ2 = 4r
4 − 8r3u+ (4u2 − 4u− 2)r2 + 2u(2u+ 1)r − u.
Since
τ21h
2 − τ22 = 4r(r + 1)u(u+ 2)(r − u)(r − u− 1) ≥ 0,
we have L(β+) ≤ 0. Also, we have
M(β+ + 1) =
τ3h+ τ4
4
,
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where
τ3 = 2r(r − u)− u− 2 > 0,
τ4 = −4r4 + 8ur3 − (4u2 − 4u− 6)r2 − 2u(2u+ 3)r − u− 2.
Since
τ23h
2 − τ24 = 4r(r + 1)u(u+ 2)(r − u)(r − u− 1) ≥ 0,
we have M(β+ + 1) ≥ 0. 
Lemma 27. We have ξ1 < ζ < η < ξ2.
Proof. Suppose that ζ ≤ ξ1. By (i) in Lemma 16 we have L(ζ) = 0. By (i) in
Lemma 18 we have L(ζ)2 ≥ S(ζ)4 , and by Lemma 25 we have S(ζ)4 ≥ 0. Hence
L(ζ)2 = S(ζ)4 = 0. This contradicts (38) and Lemma 26.
Suppose that ξ2 ≤ η. By (i) in Lemma 17 we have M(η) = 0. By (ii) in
Lemma 18 we have M(η)2 ≥ S(η)4 , and by Lemma 25 we have S(η)4 ≥ 0. Hence
M(η)2 = S(η)4 = 0. This contradicts (39) and Lemma 26.
We have
M(x) ≤ L(x) (60)
for x ∈ R by (31). The inequality ζ < η follows from (60), (i) in Lemma 16, and
(i) in Lemma 17. 
Lemma 28. Let A = (−rs, ξ1] and B = [ξ2,∞). Then we have the following:
(i) S(x) ≥ 0 for x ∈ R holds if and only if x ∈ A ∪B.
(ii) For x ∈ A ∪B,
(a) M(x) ≤
√
S(x)
2 ≤ L(x) holds if and only if x = β+ + 1,
(b) M(x) ≤ −
√
S(x)
2 ≤ L(x) holds if and only if x = β+.
Proof. (i) This follows from Lemma 25 since the leading coefficient of S(X) is
positive.
(ii) (a) Suppose that M(x) ≤
√
S(x)
2 ≤ L(x) holds. Since L(x) ≥ 0, by (ii) in
Lemma 16 we have ζ ≤ x. Since x ∈ A ∪ B, by Lemma 27 we have x ∈ B. Hence
η < x. Then by (ii) in Lemma 17 we have M(x) ≥ 0. Hence M(x)2 ≤ S(x)4 . By (ii)
in Lemma 18 we have x = β+ + 1.
Conversely, suppose that x = β+ + 1. By (ii) in Lemma 18 and Lemma 26 we
have M(β+ + 1) =
√
S(β++1)
2 . Since −rs < β+ + 1 by (ii) in Lemma 9, by (31) we
have M(β+ + 1) < L(β+ + 1). Therefore M(β+ + 1) =
√
S(β++1)
2 < L(β+ + 1).
(ii) (b) Suppose that M(x) ≤ −
√
S(x)
2 ≤ L(x) holds. Since M(x) ≤ 0, by (ii) in
Lemma 17 we have x ≤ η. Since x ∈ A ∪ B, by Lemma 27 we have x ∈ A. Hence
x < ζ. Then by (ii) in Lemma 16 we have L(x) < 0. Thus L(x)2 ≤ S(x)4 . By (i) in
Lemma 18 we have x = β+.
Conversely, suppose that x = β+. By (i) in Lemma 18 and Lemma 26 we
have
−
√
S(β+)
2 = L(β+). Since −rs < β+ by (ii) in Lemma 9, by (31) we have
M(β+ + 1) < L(β+ + 1). Therefore M(β+) <
−
√
S(β+)
2 = L(β+). 
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6.2. The case r+s = 0. Throughout this subsection, in addition to the conditions
r, s ∈ Z, r ≥ 2, and s ≤ −2, we suppose that r + s = 0. By (30), (31), and (32) we
have
L(X) =
(X − τ−)(X − τ+)(X − β+)
2
, (61)
M(X) =
(2X2 − 5X + 2r2 + 1)(X − (β+ + 1))
2
, (62)
S(X) = (X − β+)2(X − (β+ + 1))2 ≥ 0, (63)
where
τ± =
−1±√16r2 + 1
4
, (64)
β+ = 2r
2 − 1 ∈ Z. (65)
By (34) and (35) we have
α± =
−1±√8r2 + 1
2
,
β− = 0. (66)
Lemma 29. Let ζ and η be as defined in Lemmas 16 and 17. Then we have ζ = β+
and η = β+ + 1.
Proof. We have τ± < r2. Then by (i) in Lemma 16 and (61) we have ζ = β+. Since
the discriminant of 2x2 − 5x+ 2r2 + 1 is −16r2 + 17 < 0, by (i) in Lemma 17 and
(62) we have η = β+ + 1. 
Lemma 30. Suppose that z ∈ Z and r2 < z. Then the following are equivalent:
(i) S(z) ≥ 0 and M(z) ≤
√
S(z)
2 ≤ L(z),
(ii) S(z) ≥ 0 and M(z) ≤ −
√
S(z)
2 ≤ L(z),
(iii) S(z) = 0,
(iv) z = β+, β+ + 1.
Proof. First suppose that (i) holds. Since L(z) ≥ 0, by (ii) in Lemma 16 and
Lemma 29 we have
β+ ≤ z. (67)
Suppose that M(z) ≤ 0. By (ii) in Lemma 17 and Lemma 29 we have z ≤ β+ + 1.
By (67) we have z = β+, β+ +1. Suppose that M(z) > 0. Then M(z)
2 ≤ S(z)4 . By
(ii) in Lemma 18 we have z = β+ + 1. Thus we have (iv).
Secondly suppose that (ii) holds. Since M(z) ≤ 0, by (ii) in Lemma 17 and
Lemma 29 we have
z ≤ β+ + 1. (68)
Suppose that L(z) ≥ 0. Then by (ii) Lemma 16 and Lemma 29 we have β+ ≤ z.
By (68) we have z = β+, β+ + 1. Suppose that L(z) < 0. Then L(z)
2 ≤ S(z)4 . By
(i) in Lemma 18 we have z = β+. Thus we have (iv).
The equivalence of (iii) and (iv) follows immediately from (63).
Finally suppose that (iv) holds. Since S(z) = 0 by (iii), it suffices to show
L(z) ≥ 0 and M(z) ≤ 0. By (ii) in Lemma 16 and Lemma 29 we have L(z) ≥ 0.
By (ii) in Lemma 17 and Lemma 29 we have M(z) ≤ 0. 
18 TAKUYA IKUTA AND AKIHIRO MUNEMASA
7. Proof of Theorem 1
In this section, we prove Theorem 1. First, assume that the matrix W is one of
the matrices (i), (ii) in Theorem 1. In view of Lemma 6, to show that the matrixW
is a complex Hadamard matrix, it suffices to show that (w0, w1, w2) is a common
zero of the polynomials (26), (27), and (28). It is straightforward to do this.
For the remainder of this section, we assume that r, s ∈ R, r ≥ 0, s ≤ −1, and
r+ s ≥ −1. Let W1 be the matrix defined by (3), and W be the matrix defined by
(1). We suppose that the matrix W is a complex Hadamard matrix.
Let
wj = aj + bji (69)
for j = 0, 1, 2, where aj , bj ∈ R, a2j + b2j = 1, and i2 = −1.
Lemma 31. We have
(L(k1)−M(k1))2a21 + 2(L(k1)2 −M(k1)2)a1 + (L(k1) +M(k1))2 − S(k1) = 0,
(70)
2(k1 + rs)
2rsa0 − 2k21(k1 + rs)2a1 + h0 = 0,
(71)
2(k1 + rs)
3a1 − 2(k1 + rs)r(r + 1)s(s+ 1)a2 + ℓ0 = 0,
(72)
where
h0 = −k51 + (r + s− 2rs+ 1)k41 + 3rs(r + s+ 1)k31
− rs((r + s)2 + 2(r + s)− 1)k21 + 4r2s2k1 + 2r3s3,
ℓ0 = k1(k1 − r − s− 1)(k21 + 2rsk1 − rs(r + s+ 1)).
Proof. Recall that I is the ideal of R generated by (26), (27), and (28). We can
verify that I contains (X1 −X2)f1(X0, X1, X2) and X2f2(X0, X1, X2), where
f1(X0, X1, X2) = X
2
0 + (r + s+ 1)(X1 −X2)X0 −X1X2,
f2(X0, X1, X2) = X
3
1X
2
2 −X0X1(X21 +X22 ) +X2(X20 +X21 −X1X2)
+ (r + s+ 1)X2(X1 −X2)(X0 −X1X2)
+ rsX1(X1 +X2)(X1 −X2)2.
Since w1 6= w2 by our assumption, by Lemma 6, we have f1(w0, w1, w2) = 0 and
f2(w0, w1, w2) = 0.
Consider the polynomial ring
P = C[α0, α1, α2, β0, β1, β2].
Let h be the homomorphism from R to P defined by h(Xj) = αj + βji for
j = 0, 1, 2. Let J denote the ideal of the polynomial ring P generated by h(I),
h(f1(X0, X1, X2)), h(f2(X0, X1, X2)) and α
2
j + β
2
j − 1 for j = 0, 1, 2. We can verify
that J contains
(L(k1)−M(k1))2α21 + 2(L(k1)2 −M(k1)2)α1 + (L(k1) +M(k1))2 − S(k1),
2(k1 + rs)
2rsα0 − 2k21(k1 + rs)2α1 + h0,
2(k1 + rs)
3α1 − 2(k1 + rs)r(r + 1)s(s+ 1)α2 + ℓ0.
Therefore we have the assertion. 
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Lemma 32. We have the following:
(i) S(k1) ≥ 0,
(ii) M(k1) ≤
√
S(k1)
2 ≤ L(k1) or M(k1) ≤
−
√
S(k1)
2 ≤ L(k1).
Proof. By (i) in Lemma 7 and (31) we have L(k1)−M(k1) 6= 0. By (70), using the
notation of (30), (31), and (32), we have
a1 =
−L(k1)−M(k1)±
√
S(k1)
L(k1)−M(k1) .
Since a1 ∈ R, we have (i). Since −1 ≤ a1 ≤ 1, we have (ii). 
Lemma 33. We have r + s ≤ 0.
Proof. Assume that r + s > 0. By (i) in Lemma 28 and (i) in Lemma 32 we have
k1 ∈ A ∪ B. By (ii) (a) and (b) in Lemma 28 and (ii) in Lemma 32 we have
k1 ∈ {β+, β++1}, that is, k1 = −rs+ h+ǫ2 , where ǫ ∈ {±1}. Then by (35) we have
h ∈ Z. By (ii) in Lemma 7 and Lemma 21 we have
4s2 − 1 ≥ −(2s+ 1)r + 2 + 2ψ(r)
h+ 1
. (73)
Since
0 <
2ψ(r)
h+ 1
(by Lemma 20))
≤ (2s+ 1)(r + 2s− 1)− 2 (by (73))
< (2s+ 1)(r + 2s− 1),
we have r < −2s+ 1. Then by Lemma 19 we have κ(r) < 0.
By (73) we have
(2s+ 1)(r + 2s− 1)h > 2ψ(r)− (2s+ 1)(r + 2s− 1)
= φ(r) (by (50))
> 0 (by Lemma 20).
Since
0 < ((2s+ 1)(r + 2s− 1)h)2 − φ(r)2
= −4(s+ 1)(r + 1)κ(r),
we have κ(r) > 0. This is a contradiction. Therefore we have the assertion. 
Lemma 34. Suppose that r + s = −1. Then we have (i) in Theorem 1.
Proof. By Lemmas 15 and 32, we have k1 = 2r(r + 1). By Section 3, Γ is a
conference graph on (2r + 1)2 vertices.
By (70) we have 2r3(r + 1)3a1((2r + 1)a1 + 1) = 0. Hence a1 = 0 or a1 =
−1/(2r + 1). If a1 = 0 then by (71), (72) we have a0 = −1, a2 = 0, respectively.
By w1 6= w2 we have (b0, b1, b2) = (0,±1,∓1). Therefore we have (a) of (i) in
Theorem 1. If a1 = −1/(2r+1) then by (71), (72) we have a0 = 1, a2 = −1/(2r+1),
respectively. By w1 6= w2 we have (b0, b1, b2) = (0, ±
√
4r2(r+1)2−1
2r(r+1) ,
∓
√
4r2(r+1)2−1
2r(r+1) ).
Therefore we have (b) of (i) in Theorem 1. 
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As mentioned in Section 3, the eigenvalues r, s of a conference graph satisfy
r+s = −1, and the eigenvalues r, s of a strongly regular graph Γ are integers unless
Γ is a conference graph. By Lemmas 33, 34 the remaining case is r + s = 0, where
r, s ∈ Z. Then by (i) Lemma 7 we have r ≥ 2.
Lemma 35. Suppose that r ≥ 2 and r + s = 0. Then we have (ii) in Theorem 1.
Proof. By Lemma 7, we have r2 < k1. By Lemmas 30, 32, and (65) we have
k1 = 2r
2 or k1 = 2r
2 − 1. First suppose k1 = 2r2. By (70) we have a1 = −1.
Then by (71), (72) we have a0 = 1, a2 = 1, respectively. Therefore we have (ii) in
Theorem 1. Secondly suppose k1 = 2r
2 − 1. By (23) we have m1 = (2r−1)(2r
2−1)
2r .
This is a contradiction since m1 must be an integer. 
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